Gravitational lensing of distant objects caused by gravitational tidal forces from inhomogeneities in the universe is weak in most cases, but it is noticed that it gives a great deal of information about the universe, especially regarding the distribution of dark matter. The statistical values of optical quantities such as convergence, amplification and shear have been derived by many people using various approaches, which include the linear perturbational treatment in the weak limit and the nonlinear treatment considering small-scale matter distribution.
§1. Introduction
The propagation of light from distant objects like galaxies and QSOs is deflected by the gravitational tidal forces caused by inhomogeneous matter distribution between the objects and us. The so-called lens effect creates conspicuous images such as multiple QSOs and arcs in clusters of galaxies, owing to special positional relations among sources, lens objects and the observer, but in most cases it causes small deformations and amplification of optical images, which result from the superposition of deflections from many lens objects on cosmological scales. This so-called weak lensing gives us valuable information on the structure and evolution of the universe, especially regarding the distribution of dark matter, not only on large scales, but also on small scales around galaxies.
The statistical behavior of optical quantites such as convergence, amplification and shear due to weak lensing has been studied by many people since the pioneering papers by Gunn, 1) -2) Weinberg 3) and Blandford and Jaroszyński. 4) For the derivations of these quantities there have been various approaches which consist of the multi-lens-plane method, direct integration methods solving the null-geodesic equation, optical scalar equations and the equation of geodesic deviation, and perturbative methods.
Multi-lens-plane method
This is one of the various methods numerically simulating light propagation in inhomogenous model universes, which were derived and developed by Blandford and Narayan, 6) Schneider and Weiss, 7) -8) Jaroszyński et al., 9) Jaroszyński. 10) - 11) In this method we first build a finite number of planes normal to light rays between an observer and a source, and the three-dimensional distribution of galaxies and dark matter as lens objects is replaced by their two-dimensional distribution in the planes onto which the matter in each interval is projected. The deflection of light rays resulting from each lens plane is calculated using geometrical optics, and the statistical averages of optical quantities for many-ray bundles are derived. 5) To use this method we must produce the inhomogeneous distribution of lens objects in each lens plane. In early works (Schneider and Weiss, 8) Paczyński and Wambsganss, 12) Lee and Paczyński. 13) ) the random distribution of lens objects with an equal mass was assumed, and so the realistic large-scale structure of the matter distribution was neglected. Jaroszyński et al. 9 ) constructed an inhomogeneous model using an N -body simulation (the PM code), but in this model large-scale structure was considered, while small-scale structure corresponding to galaxies was neglected. Jaroszyński 10) -11) developed other numerical models of matter distribution using the Zeldovich approximation, located galaxies (as lens objects) correponding to the matter density, and assumed for them the mass spectrum due to the Schechter luminosity function and their morphological types randomly.
Wambganss et al. 14) -15) generated models for the evolution of large-scale structures by N -body simulation in the CDM models, investigated their influence on light propagation and statistical results such as the frequency and separation angles of multiple QSOs and the image deformation of high-redshift objects. In their works, galaxies as lens objects were not taken into account.
Recently Premadi et al. 16) have improved the work of Jaroszyński et al. by adopting an N -body simulation (P 3 M code) and considering the spatial distribution of galaxies with the mass spectrum and morphological types (due to the morphological type-density relation). They adopted Jaroszyński's assumption that the main lens objects are galaxies and the background matter outside galaxies has smooth distribution with radii ≈ 1h −1 Mpc. In §2 the recent result of studies by Premadi et al. 16 ) is given.
Direct integration methods
There are three types of direct integration methods in which the optical scalar equation (derived by Sachs 17) ), the equation of geodesic deviation and the nullgeodesic equation are solved. Kantowski's approach belongs to the first type. He derived the averaged optical scalar equation and solved it in an inhomogeneous model universe with swiss cheese structure. 18) Dyer and Roeder 19) studied the behavior of the amplification applying this approach to the case of a nonzero cosmological constant. Recently, Kantowski et al. 20) have analyzed the lens effect in the observed redshift-magnitude relation for type Ia supernovae. Watanabe and Tomita 21) studied the behavior of shear in the ray bundles in various models in which the random distribution of particles simulating galaxies and clusters of galaxies was assumed for simplicity. As an example of the second type of direct integration method (treating the equation of geodesic deviation) we cite a recent work of Holz and Wald, 22) who studied the behavior of amplification in an inhomogeneous model with a swiss cheese-like structure. In their case not all systems consisting of a central galaxy and the surrounding empty region have the compensated mass distribution, in contrast to Kantowski's swiss cheese system. They derived the probability distribution of amplification, which was found to be non-Gaussian in accord with Dyer-Oattes 23) and examined the significance of the amplification on the observation of type Ia supernovae (Holz 24) ). A drawback of this approach may be that it treats only ray bundles with infinitesimal separation angles.
The third type of direct integration method is described in the works of Tomita and Watanabe. 25) -26) They treated the multiple deflection of light rays directly by solving the null-geodesic equation and studied the statistical averages of image deformation in inhomogeneous universe models. The evolution of models was derived under the periodic condition using Aarseth's individual particle method for N -body simulations, in which particles are regarded as galaxies or clusters of galaxies with the initial power spectrum n = 0. The particles (with the same mass and particle number N = 1331) are placed and move in a periodic box with comoving length ≈ 50 Mpc, and light rays also propagate in the box under gravitational forces from particles in the box. In Tomita and Watanabe, 25) the influence of lensing on the CMB anisotropy was analysed and a negative result was obtained, contrary to expectations (Kashlinsky, 27) Tomita, 28) -29) Sasaki. 30) ) In the latter paper, 26) examples of strong image deformations and their statistics were studied. Using the same approach, Tomita 31) - 33) has recently studied the statistical behavior of optical scalars in more realistic inhomogeneous models with the CDM spectrum (n = 1). All particles are assumed to have the same galactic mass, while their radii depend on the model used. In the first two of these papers, 31) -32) the lens effect was analyzed in flat and open models, respectively, and in the third paper, 33) the distribution of angular diameter distances in these models was derived.
As for the number density of main lens objects, there is an important difference between the work of Premadi and that of Tomita. In the former, adopting Jaroszyński's assumption mentioned above, the density of main lens objects (galaxies) is found to be Ω g ≈ 0.02. In Tomita's works, on the other hand, the density (Ω L ) of main lens objects (called compact lens objects) is Ω L = 0.2 for three models with Ω 0 = 1 and 0.2 and Ω L = 0.4 for a model with Ω 0 = 0.4, which are much larger than Ω g . This difference between these two works comes from the different estimation for the role of non-galactic clouds as lenses. At present it is not clear whether Jaroszyński's assumption is realistic or not, and so the matter outside galaxies may not be so smooth and may behave as discrete clouds with radii r cl ≈ 100 kpc, consisting of dark matter and the baryon fluid. In these clouds a baryon fluid has experienced no dissipated collapse and has less central concentration than in galaxies, but as weak lens objects they may play a role similar to galaxies.
An outline of Tomita's recent works is given in §3, and the results of additional analyses are also given in the case (satisfying Jaroszyński's assumption) that the density of lens objects is Ω L = Ω g and the remaining objects are assumed to be smoother, by constraining their radii so as to be 500h −1 kpc. By comparing the two results in the case of Ω L = 0.2 and the case of Ω L = Ω g , we find how lensing on the small scale is dominated by non-galactic lens objects, if they exist.
Perturbative methods
The method for solving optical scalar equations perturbatively with respect to a small perturbed expansion and shear has been introduced by Gunn 2) and developed by Babul and Lee 34) and Blandford et al. 35) . Gravitational influences from largescale structures are involved in the terms giving the Ricci and Weyl focusing, through the density power spectrum or the numerically simulated matter distribution. The angular correlation functions of optical scalars were derived in connection with the two-point density correlation function, and higher correlations also were studied by Villumsen, 36) Bernardeau 37) and Nakamura. 38) The perturbative formulation for the image deformations has been derived independently from the null-geodesic equation (Linder, 39) Martinez et al., 40) Martinez and Sanz 41) ). This approach also has been applied to studies concerning weak image deformation of high-redshift objects and the smoothing of the CMB anisotropy (Cayon et al., 42) Seljak 43) and Jain and Seljak 44) ). In §4, a recent result obtained using the power spectrum approach by Nakamura is given. §2. Lensing in the multi-lens-plane method
Methodology
The inhomogeneities that perturb a light bundle as it travels from a source to an observer are of sizes much smaller than the distance that the light traverses. This has motivated a number of authors to use the multi-plane gravitational lensing approach to study how light propagates in inhomogeneous universes (e.g. Schneider and Weiss, 7) -8) Jaroszyński et al., 9) Jaroszyński, 10) -11) Wambsganss, Cen and Ostriker 15) ). In this approach one first idealizes the inhomogeneities as being distributed on a series of thin lens planes which are arranged perpendicular to the line of sight. Then one assumes that lensing only occurs in each of those planes. This way one can analyze the lensing properties of each plane separately and let the light beam carry the lensing effect of each plane while propagating from one plane to the next. For this paper to be self-contained we give a brief review of multi-plane lensing theory, following closely the description and notation of Schneider et al. 5) 
Multi-plane gravitational lensing
Consider N lens planes located at redshifts z i , with i = 1, N , and ordered such that z i < z j for i < j. Figure 1 displays an example with N = 2. All angles are exaggerated for clarity. Each lens plane is characterized by its respective surface mass density σ i (ξ i ), where ξ i is the impact vector of the ray in the i-th lens plane. Letα i (ξ i ) denote the deflection angle the light ray experiences in the i-th plane at a position ξ i . From this geometry, we can derive the lens equation,
where η is the source position vector (in the source plane), ξ i is the impact vector in the i-th plane, D j is the angular diameter distance between the j-th plane and the observer, and D ij is the angular diameter distance between the i-th and j-th planes, with S ≡ N + 1 identifying the source plane. Knowing the impact vector ξ 1 in the image plane, the impact vector in subsequent planes can be obtained recursively using
The deflection angle is related to the surface density bŷ
where G is the gravitational constant, c is the speed of light, and the integral extends over the lens plane. We can rewrite this expression conveniently aŝ
It is useful to rewrite these equations in a dimensionless form. Define for each lens plane a critical surface density as 6) and introduce the following dimensionless quantities :
Equations (2 . 2), (2 . 4) and (2 . 5) reduce to
10)
where and the gradient is now taken relative to x i . We can invert equation (2 . 11) and obtain
To compute the scaled position y ≡ x S of the source in the source plane, we simply set j = N + 1. Equation (2 . 12) gives β iS = 1, and Eq. (2 . 9) becomes
This ray-tracing equation is a mapping from the image plane (i = 1) onto the source plane (i = N + 1). The effect of each lens plane on the evolution of the beam is described by the Jacobian matrix 
where
17)
We now define
The determinant and trace of A i can be expressed entirely in terms of κ i and S i , as follows:
The quantities µ i ≡ 1/(det A i ), 1 − κ i , and S i are called the magnification, convergence (or Ricci focusing), and shear, respectively. To compute the cumulative effect of all the lens planes, we consider the Jacobian matrix of the mapping given by Eq. (2 . 14),
where I is the 2 × 2 identity matrix, and U i and B i are defined by
23)
After substituting Eq. (2 . 10) into Eq. (2 . 23), we obtain 
Since B 1 = I, we can use Eq. (2 . 26) to compute all matricies B i by recurrence.
The numerical algorithm
We use the P 3 M algorithm (Hockney and Eastwood 45) ) for the N -body simulations of the large scale structure (LSS) of the universe. The calculations evolve a system of gravitationally interacting particles in a cubic volume with triply periodic boundary conditions, comoving with the Hubble flow. The forces on the particles are computed by solving the Poisson equation on a cubic grid using a Fast Fourier Transform method.
Building the lens planes
To implement the multi-plane lens method, we divide the space between the source and the observer into a chain of cubic boxes of equal comoving size, L box . We first need to determine the redshifts of the interfaces between these cubic boxes. Let us assume that the photons that reach the observer at present entered a particular box at time t ′ and redshift z ′ and exited that box at time t and redshift z. The redshifts z ′ and z are related by (Premadi et 
(2 . 27)
Using this equation, with the appropriate relation for z(t), we can find the redshifts of the interfaces. The front side of the box closest to the the observer is, by definition, at z = 0. Plugging this value into Eq. (2 . 27) gives us the redshift z ′ of the back side of the box, which is also the redshift z of the front side of the next box. Then, by using Eq. (2 . 27) recursively, we can compute the redshifts of all the interfaces. As the structures inside the box might evolve while the light beam travels across it, we decide the plane onto which we project the mass distribution to be at redshift where the density contrast is equal to the time-averaged density contrast of the box.
The galaxy distribution
We consider the LSS at present (z = 0) resulting from the P 3 M simulations, and we design an empirical Monte-Carlo method for locating galaxies in the computational volume, based on the constraints that (1) galaxies should be predominantly located in the densest regions, and (2) the resulting distribution of galaxies should resemble the observed distribution on the sky. Our method is the following. We divide the present computational volume into 128 3 cubic cells of size 1 Mpc 3 , and compute the matter density ρ at the center of each cell using the same mass assignment scheme as in the P 3 M code. We then choose a particular density threshold ρ t . We locate N galaxies in each cell, where N is given by
The actual location of each galaxy is chosen to be the center of the cell, plus a random offset that is of the order of the cell size. This eliminates any spurious effect introduced by the use of a grid. We then experiment with various values of the density threshold ρ t until the total number of galaxies comes out to be of order 40000. This gives a number density of ∼ 0.02 galaxies/Mpc 3 . This method bears some similarities with that used by Jaroszyński. 10) - 11) Tests showed that the observed galaxy 2-point correlation function is fairly well reproduced (Martel et al. 46) ).
The morphological type of each galaxy is determined by using a combination of the known relations between the present distribution of morphological types and the surface density of galaxies along with a Monte-Carlo method.
The locations of each galaxy at higher redshifts are determined by combining the distribution of the galaxies and that of the particles from the P 3 M simulation, i.e., by following the position of the nearest particle.
We adopt the galaxy models described in Jaroszyński. 10) -11) The projected surface density of each galaxy is given by
where r is the projected distance from the center. The parameters r c , r max and v are the core radius, maximum radius, and the rotational velocity, respectively. These parameters are functions of the luminosity and morphological types of each galaxy. We assume that the present galaxy luminosities are given by the Schechter luminosity function,
where n(L) is the number density of galaxies per unit luminosity, α = −1.10, n * = 0.0156h 3 Mpc −3 , and L B * = 1.3 × 10 10 h −2 L ⊙ , where L B is the luminosity in the B band (Efstathiou et al. 47) ). For each galaxy we generate a luminosity L according to this distribution, and we combine it with the galaxy morphological type to determine the values of the parameters v, r c and r max for that galaxy.
The experiments

The cosmological models
We are currently appyling the algorithm described above to perform a large cosmological parameter survey. We focus on the CDM model whose density fluctuation power spectrum is described in detail in Bunn and White. 48) This power spectrum is characterized by 6 independent parameters : (1) the density parameter Ω 0 ; (2) the contribution Ω B of the baryonic matter to the density parameter; (3) the cosmological constant λ 0 ; (4) the Hubble constant H 0 ; (5) the temperature T CMB of the cosmic microwave background radiation; and (6) the tilt n of the power spectrum. We initially set T CMB = 2.7K and Ω B = 0.015h −2 , thus reducing the dimensionality of the parameter space to 4. The normalization of the power spectrum is often described in terms of the rms density fluctuation σ 8 at a scale of 8h −1 Mpc, which is a function of the 6 aforementioned parameters. We invert this relation, treating σ 8 as an independent parameter, and the tilt n as the dependent parameter. Presently we have 43 models with various (but restricted) values of the above first 4 parameters.
The ray shooting
In each model we propagate beams of 341 2 light rays backward to redshift z s ≈ 3. The beam has a size of 21.9 arcseconds, and the spacing between rays is 0.064 arcseconds. To analyze the results of the experiments, we lay down grid on the source plane, divided into 31 x 31 cells. Cells which have more than the average number of rays (341 2 /31 2 =121) indicate sources which are magnified. The fraction of such cells gives us the magnification probability. By taking the rays located in such cells, and tracing them back to the image plane, we can study the shape of the images, and in particular, compute the fraction of the magnified sources that have double images. Figure 2 displays a few examples of images of a circular source.
Preliminary results
We have so far conducted between 30 and 60 ray shooting rays on all of the models, but results of only 35 models have been analyzed. In a previous work ) we tested the methodology we have described here by studying the statistics of magnification and shear with respect to the lens redshift for a given source redshift. Among other things, we have found that the lensing effect is most prominent at intermediate redshifts although the structures are more evolved at lower redshifts. The redshift where most lensing occurs depends upon the cosmological models. We also show that the magnification is dominated by convergence, with shear contributing less than one part in 10 4 .
In the current work we study the magnification probability, P m , the probability of double-image events given a lower limit of magnification, P 2 , and the distribution of the separation angle in the double image events.
In Fig. 3 , despite the still insufficient statistics, for the majority of models, we observe a tendency for P m to decrease with increasing σ 8 , and for the cases in which we do not observe this tendency, it is not ruled out because of the large error bars. Having an anticorrelation between P m and σ 8 is seemingly counter-intuitive, since σ 8 measures the amplitude of the density fluctuation, which are responsible for lensing. The explanation is that the magnification is caused primarily by the matter located near the beam, whereas matter located far from the beam are responsible for the shear. In cosmological models like CDM, structure formation proceeds hierarchically. Small structures form first, then merge to form larger structures. A larger σ 8 implies that this hierarchical merging process is more advanced. This means that the clusters are more massive, and possibly also denser, but there are fewer of them, thereby enlarging voids between them. The light beam is therefore less likely to hit or pass near any cluster, resulting in a smaller magnification probability for larger σ 8 . However, if the beam does hit a cluster, we would expect the effect to be stronger in models with large σ 8 , as the clusters are more massive.
In Fig. 4 , the plot of P 2 versus P m indeed shows an anticorrelation for several models. Another interesting result is that at fixed Ω 0 , λ 0 , and σ 8 , the magnification probability is insensitive to the value of H 0 . This results from the combination of two competing effects. On one hand, the number of lens planes between the source and the observer decreases with increasing H 0 . On the other hand, the total mass in each plane is proportional to the critical density, and thus increases with H 0 . Hence, models with larger H 0 have a smaller number of more massive lens-planes.
The histograms of the separation angle (Fig. 5) shows the presence of double peaks in most cases. This seems to be more prominent in the models with larger σ 8 when the other cosmological parameters are held fixed. The high density clusters might contain more elliptical galaxies which have smaller cores than the field galaxies. A more compact core is known to result in a larger separation angle. Intriguingly, models with smaller H 0 seem to produce longer high separation tails. The presence of λ 0 also seems to stretch the histogram to a higher separation tail, although by a smaller amount than that caused by high σ 8 . In addition to this, it also increases the counts at mid-separation. This might indicate that structures in λ 0 models have large sizes which are responsible for midsize separation angles. Even at this preliminary stage, the results show the different tendencies among various cosmological models. With better statistics, we are hopeful that the differences can be sharpened, and that these differences will eventually enable us to make meaningful comparisons with observational results, thereby discriminating the cosmological models. §3. Cosmological lensing in the direct integration method
In this section we study the behavior of light ray bundles in inhomogeneous model universes, solving directly the null geodesic equation in the (cosmological) Newtonian approximation at the stage from an epoch t 1 (with redshift z 1 = 5) to the present epoch t 0 . Light rays are deflected by lens objects such as galaxies and nongalactic clouds. Here, these clouds are mass concentrations which are unluminous but have masses comparable with a standard galactic mass. It is not clear at present what average mass and size and what number density such clouds have, compared with those of galaxies. In some previous papers (by Tomita 31) -32) ), we assumed that non-galactic clouds are dominant and have a standard galactic mass and lensing strength similar to that of galaxies. In this paper we consider another case, in which only galaxies are dominant lenses and all non-galactic clouds are very weak lenses, and compare the results concerning optical deformations in this case with those in the previous case. In the future observations about the shear deformation at small angles will provide the information for the structure and lensing strength of nongalactic clouds.
Model universes and the ray shooting
The background model universes have the line-element
where K is the signature of spatial curvature (±1, 0). The normalized scale factor S ≡ a(t)/a(t 0 ) satisfies
where τ ≡ H 0 t and a 0 (≡ a(t 0 )) is specified by the relation (cH
The gravitational potential ϕ is described by the Poisson equation
where ρ B (= ρ B0 /S 3 ) is the background density and
where H 0 = 100hMpc −1 km s −1 . In our treatment the inhomogeneities are locally periodic in the sense that the physical situation at x is the same as that at x + ln, where the components of n(= (n 1 , n 2 , n 3 )) are integers. In an arbitrary periodic box with coordinate volume l 3 , there are N particles with the same mass m. It is assumed that the force at an arbitrary point is the sum of forces from N particles in the box whose center is the point in question, and that the forces from outside the box can be neglected. 
for S, L and O models, respectively. The particle number is 32 3 in all models, and thus m(= ρ B0 L 0 3 /N ) = 2.90, 2.11, 2.11
respectively. The distributions of particles in these models were derived using numerical Nbody simulations. The particle size (giving the lens strength) is represented by the softening radius r s (= a(t)x s ), which is constant. For the particle size we consider two lens models for comparison: Lens model 1. All particles in the low-density models (Ω 0 = 0.2) have r s = 20h −1 kpc, 20% of the particles in the flat model (1.0, 0) have r s = 20h −1 kpc, and the remaining particles have r s = 500h −1 kpc. Thus practically, particles with Ω c = 0.2 (which we call compact lens objects in previous papers 31) -32) ) play the role of lens objects. Their number density is much larger than the galactic density Ω g ∼ 0.02. Lens model 2. 10% of the particles in the low-density model (Ω 0 = 0.2) and 2% of the particles in the flat model (1.0, 0) have r s = 20h −1 kpc, while the remaining particles have r s = 500h −1 kpc. Thus only galaxies corresponding to Ω g = 0.02 play significant roles as lens objects, and the remaining particles are regarded as diffuse clouds.
The lens strength of realistic non-galactic clouds is intermediate between these two lens models. The question of which model is better may be answered by observational studies involving lens phenomena.
The time evolution of the distribution of particles was derived by performing the N -body simulation in the tree-code provided by Suto. 49) The initial particle distributions were derived using Bertschinger's software COSMICS 50) under the condition that their perturbations are given as random fields with the spectrum of cold dark matter, their power n is 1, and their normalization is specified as the dispersion 
The line-element is
and
12)
The equations to be solved for light rays are
13)
14)
The null condition is
While in flat models the solution is straightforward, some care must be taken in curved models. The potential φ is given as a solution of the Poisson equation. Because the ratio of the second term to the first term on the right-hand side of Eq. For point sources with ρ = m n δ(aR(y − y n )) (n is the particle number), we have φ = φ 1 + φ 2 , where 18) and φ 2 represents the contribution from the homogeneous background density. Here let us use for y another vectorsȳ expressing the space in a locally flat manner, where the two coordinates are related as (3 . 19) and the lengths between two points in boxes in two coordinates are approximately related as ∆ȳ = ∆y/F (y c ). Then φ 1 can be expressed in terms ofȳ in the usual manner as
Corresponding forces are expressed as f i ≡ ∂φ 1 /∂y i = [∂φ 1 /∂ȳ i ]/F (y c ). It should be noted that the contribution of ∂φ/∂T is negligibly small, compared with that of f i . In flat models the universe is everywhere covered with periodic boxes continuously connected as in Fig. 6 . In open models it cannot be covered in such a way, but we can consider only a set of local periodic boxes connected along each light ray, as in Fig. 7 . In these boxes we can describe the evolution in the distribution of particles in terms of local flat coordinatesȳ, because the size of boxes is much smaller than the curvature radius.
For the integration of the above null-geodesic equations, we calculate the potential at a finite number of points on the ray which are given at each time step (∆T ). Then particles near one of the points on the ray have a stronger influence upon the potential than particles far from any points. To avoid this unbalance in the calculation of the potential, we take an average of the potential φ 1 by integrating it analytically over the interval between one of the points and the next point. The expression for an averaged potentialφ was given in a previous paper. Moreover, to take into account the finite particle size as galaxies or non-galactic clouds, we modify the above potential for point sources using the softening radii y s = a(t 1 )x s /R. The modified potential is produced by replacing (y − y n ) 2 by (y − y s ) 2 + (y s ) 2 in the potential for point sources.
The initial values ofK i are given so as to satisfy Eq. (3 . 16). The integration of Eqs. (3 . 13) and (3 . 14) with the modified potential was performed using the Adams method. As the time step we used ∆T = [ln 6/2]/N s with N s = 3000 (in most cases) −10000.
Here we consider the comoving volume of the region through which a ray bundle with solid angle θ 2 pass at the interval 0 ≤ z ≤ z i in the flat model (1.0, 0). This volume is equal to the volume of the cone
Its ratio to the volume of the periodic box V B [= (32h −1 Mpc) 3 ] is 1.2 × 10 −3 for z i = 5 and θ = 10arcsec. This small ratio implies that the influence of the periodicity of the box on the the statistics of ray bundles is negligibly small, as long as the ray bundles are not directed in some special directions with respect to the box. 
Statistical behavior of optical scalars
We treat the deformation of ray bundles over the interval from z = 0 to z = 5 measured by an observer in a periodic box. Here we consider the ray bundles reaching the observer (or emitted backwards) in a regular form such that the rays are put in the same separation angle θ, and calculate the relative change in the angular positions of the rays which increases with redshift in the past direction. From this change we find the behavior of optical scalars.
Basic ray bundles consist of 5 × 5 rays that are put in a square form with the same separation angle θ = 2 − 360 arcsec. Many bundles coming from all directions in the sky are considered. Here we take 200 bundles coming from randomly chosen directions for each separation angle. In order to express relative angular positions of rays, we use two orthogonal vectors, e i . Since all angular intervals of rays at the observer's point are the same (= θ), the differentiation of angular coordinates of the rays at any epoch with respect to those at the observer's points is given by the differences
where m and n run from 1 to 5. From the matrix A ij (m, n) we derive the optical scalars in the standard manner, 5) as the convergence (κ(m, n)), the shear (γ i (m, n), i = 1, 2), and the amplification (µ(m, n)) defined by 24) where the trace is tr(m, n) = A 11 (m, n) + A 22 (m, n). The average optical quantities in each bundle are defined as the averages of optical quantities for all rays in the bundle asκ 25) and so on. In this averaging process the contributions from smaller scales can be cancelled and smoothed-out. The above optical scalars at the separation angle θ are accordingly derived in the coarse-graining on this smoothing scale.
For the present statistical analysis we excluded caustic cases, considering only the case of weak lensing in the sense of no caustics. The averaging for all noncaustic ray bundles is denoted using as κ 2 , γ 2 and (µ − 1) 2 . Because κ(m, n), γ i (m, n) and µ(m, n) − 1 take positive and negative values with almost equal frequency, κ , γ i and µ − 1 are small.
In Figs. 8 and 9 , we show the behavior of γ 2 for various separation angles θ = 2 arcsec − 360 arcsec (= 6 arcmin) at epochs z = 1.0 and 2.0, respectively. Similarly in Figs. 10 and 11 , we show the behavior of (1 − µ) 2 at epochs z = 1.0 and 2.0, respectively. The calculations were performed at θ = 2, 5, 10, 30, 60, and 360 arcsec. The behavior of κ 2 is similar to that of γ 2 , as was shown in previous papers. In all figures, the values in the two lens models are shown using solid and dotted lines. It is found in the low-density models that the ratios of κ 2 1/2 , γ 2 1/2 and (1 − µ) 2 1/2 in the lens model 1 to those in the lens model 2 are about 4 at the separation angle θ = 2 arcsec. The ratios decrease with the increase of θ, and are < 2 at θ = 360 arcsec. That is, the remarkable difference between the two lens models appears at the small angles θ ≃ 2 arcsec. The values of optical scalars for θ ∼ 360 arcsec are roughly consistent with the results of Bernardeau et al. (cf. their Figs. 3 and 4) 37) and Nakamura 38) in their treatments.
At all separation angles and for both lens models, κ 2 , γ 2 and (1 − µ) 2 in the open model (Ω 0 = 0.2) are larger than those in the flat model (L). In model S they are largest at all angles for the lens model 2 and at large angles (θ ∼ 360 arcsec) in the lens model 1, but they are smallest at small angles (θ < 30 arcsec) because the role of non-galactic clouds on small-scale is small.
In Tables I, II and III, we show for models S, L and O the numerical values of κ , κ 2 1/2 , µ , (µ − 1) 2 1/2 , γ 1 and γ 2 1/2 at epochs z = 1, 2, .., 5 for θ = 2 arcsec.
The influence of lensing on source magnitudes is Here it should be noted that the lensing effect at small angles, which is caused by small-scale nonlinear inhomogeneities, is important for the magnitude correction of small high-redshift objects, such as SNe Ia, in cosmological observations. 51) -52) Table I . Optical quantities in model S at θ = 2 arcsec. For the statistical analysis we used 200 ray bundles reaching an observer in a single inhomogeneous model universe. This number of ray bundles may be too small to cover the influences from complicated inhomogeneities in all directions. To obtain more robust statistical results it may be necessary to use more ray bundles and more model universes produced with random numbers.
Finally, we touch upon recent observations of cosmological shear due to weak lensing and their relation to our results. Fort et al. 53) attempted measurements of a coherent shear from foreground mass condensations in the fields of several luminous 54) determined the shear in the field (2 min ×2 min) containing a radio source PKS1508-05 with z = 1.2, and their result is that the shear is about 0.03 for an angular scale of 1 min. This value may be consistent with the low-density models in the lens model 1, but more observational data are necessary to deduce any conclusions. In order to clarify the lensing strength of non-galactic clouds it is important to have observational values of the shear at small angles θ ≈ 2 arcsec. In this section we analytically estimate the shear and the image amplification caused by large scale density inhomogeneity in the universe. 2) 34) - 38) emanating from us to the past, and let χ be the affine parameter along the central ray in the * ) In this section we use units in which c = H0 = 1 and follow Misner et al. 55) as regards the sign convention of curvature tensors. bundle and k a = (d/dχ) a be its tangent vector. Deformation in the cross section of the bundle is described by optical scalars, the expansion θ = 
where the overdot denotes d/dχ, and the sources of deformation are R =
The observable effect of this deformation is the evolution of a deviation vector ξ a connecting two nearby rays on the cross section:
where ξ = ǫ a ξ a . This deviation vector is written as a linear mapping from the initial value ofξ at χ = 0:
Hereξ 0 represents the angular separation between the nearby rays in the observer's sky, and ReΛ, ImΛ and Γ represent respectively the degrees of focusing, rotation and shear in the shape of the cross section as seen from the observer. From equation The angular diameter distance D is defined to be (cross sectional area/solid angle in the sky) 1/2 so D = (|Λ| 2 − |Γ | 2 ) 1/2 and satisfieṡ
Initial conditions for these differential equations at χ = 0 are 0
The following form of the metric is used to describe the globally homogeneous but locally inhomogenous universe
Here a is the scale factor and γ ij is the 3-metric on the constant time hypersurface of curvature K = Ω 0 + λ 0 − 1. The gravitational potential Φ (≪ 1) incorporates the local inhomogeneity generated by the density contrast δ = (ρ −ρ)/ρ and satisfies the Poisson equation
where ∇ 2 is the Laplacian associated with γ ij (we only consider a sub-horizon scale inhomogeneity whose wavelength is much smaller than |K| −1/2 ). Since the null geodesics are unaffected by the conformal transformation, we work in the scaled metric ds 2 in what follows. Accordingly the "distances"Λ andΓ (Eq.(4 . 3)) in the metric dŝ 2 are related to those in ds 2 asΛ = aΛ andΓ = aΛ. The affine parameter χ is related to the redshift z = 1/a − 1 as
From Eq. (4 . 7) we obtain R = K + ∇ 2 Φ and F = ǫ i ǫ j ∇ i ∇ j Φ. We regard δR = ∇ 2 Φ and δF = ǫ i ǫ j ∇ i ∇ j Φ as perturbations toR = K andF = 0, and solve Eqs. (4 . 4) and (4 . 5) peturbatively. The zeroth order solution in an exactly homogenous universe is
andΓ (χ) = 0, and hence the image remains undistorted with only an isotropic focusing. The differential equation for the first order quantities δΛ = Λ −Λ and 11) which are integrated with the initial conditions 0 = δΛ = δΓ =δ Λ =δ Γ as
Note that δΛ is real, so that there is no rotation in the image to this order. Let us
The amplification of the brightness of images relative to that in a homogenous universe is given by (D/D) 2 = 1 + 2κ to first order, so κ (convergence) measures the fluctuation in the image brightness due to the lensing by the density inhomogeneity. Similiarly γ (shear) is a dimensionless measure of the image distortion due to the lensing. The sources δR and δF of the image distortion are stochastic variables which average to zero: δR = δF = 0. To evaluate the statistical properties of this distortion, it is convenient to Fourier-transform the density field at time η asδ(k, η) = d 3 x δ(x, η) exp(−ik·x) (valid for k 2 ≫ |K|) and define the power spectrum
Then from Eq. (4 . 8) the two point correlation of δR at two locations x and x ′ is
Below we calculate the two point correlations of convergence κ A κ B and shear γ A γ * B between images A and B at the same redshifts separated by a small angle vector θ on the sky. Since the integrals in Eqs. (4 . 12) and (4 . 13) can be performed along the unperturbed path to first order, k · (x − x ′ ) in the exponent is written as k ⊥ · θD(χ) + k (χ − χ ′ ) where k ⊥ (or k ) is the wavenumber perpendicular (or parallel) to the line of sight. When θ ≪ 1 we can approximate k ≪ k ⊥ and obtain 16) where 
where a(χ ′ ) is given as Eq. (4 . 9). In Fig. 12 the root-mean-square convergence and shear C 1/2 (0) = κ 2 1/2 = |γ| 2 1/2 is plotted versus the source redshift, and in Fig. 13 the square root of the two point correlation C 1/2 (θ) = κ A κ B 1/2 = γ A γ * B 1/2 of convergence and shear between images A and B at redshift z = 2 is plotted versus the separation angle θ on the sky. We use the non-linear power spectrum with the shape parameter Ω 0 h = 0. 25, 64) which reproduces well the nearby galaxy survey data. The solid, * ) In conventional units, Eq. , where the normalizations σ 8 of the power spectrum on the 8Mpc/h scale are chosen such that the observed abundance of low-redshift clusters is consistent with the prediction of Press-Schechter theory. 65) The figures represent the result for an infinitesimal source size because we do not smooth the density field; for a finite source the density field should be smoothed on the scale of the source size.
Since we are using a power spectrum well-constrained by the observational data at z ∼ 0, the differences between the curves in the figures purely reflect the different behavior of backward light propagation into the past in these cosmological models. Intuitively, the rms amplification and shear should be larger in higher density universes, as explained by the overall factor Ω 2 0 in Eq. (4 . 17). However Fig. 12 shows that this effect is overwhelmed by the evolutionary effect of the density inhomogeneity: the growth of the density contrast in the standard (or open) model is fastest (or slowest) among the three models according to the gravitational instability picture. 66) Since a fast growth implies that the inhomogeneity is rapidly erased as one goes to the past, the lensing effect in the standard (or open) model is smallest (or largest) in Fig. 12 . Therefore the detection of cosmic shear should allow us to probe the growth of the large-scale density inhomogeneity, when combined with observational constraints for z ∼ 0. On the other hand, Fig. 13 shows that in the open (or standard) model the decrease of correlation with increasing angle is fastest (or slowest). This is due to the cosmological geometry (Eqs.(4 . 9) and (4 . 10)): for fixed θ and z the physical separation θD in the open (or standard) model is largest (or smallest) among the three models. Thus the slope of the correlation function of cosmic shear, dC/d ln θ, should be a measure of the geometry of our universe. §5. Concluding remarks
In §2 it was shown that the multi-lens-plane method can treat many ray bundles and realistic galaxy lens models in very useful and practical ways to derive statistical behavior of strong and weak lensing owing to the simplicity of the calculations. The discussion in §3 shows that the recent progress in supercomputers has made it possible to use the direct integration methods for lensing analyses, and that nongalactic lens objects on galactic scales (if any) may have more important influences on the cosmological lensing (than galactic lenses) on small-angle scales (< 1 min) depending on the lensing models. In §4 it was shown that perturbative methods based on the CDM power spectrum are very useful for analyses of weak lensing on large-angle scales (≫ 1 min).
For the lensing correction to the luminosity of small objects such as super novae we must treat ray bundles with small separation angles (≤ 2 arcsec) for which the deflection due to the small-scale matter distribution on galactic scales is important. ¿From the analysis in §3 it is found that the correction can be larger by a factor of ∼ 5 than that due to the perturbative methods. 67) 
